In high energy physics, unknown particles are identified by determining their mass from the Cherenkov radiation cone that is emitted as they pass through the detector apparatus. However, at higher particle momentum, the angle of the Cherenkov cone saturates to a value independent of the mass of the generating particle, making it difficult to effectively distinguish between different particles. Here, we show how the geometric formalism of transformation optics can be applied to describe the Cherenkov cone in an arbitrary anisotropic medium. On the basis of these results, we propose a specific anisotropic metamaterial to control Cherenkov radiation, leading to enhanced sensitivity for particle identification at higher momentum.
In high energy physics, unknown particles are identified by determining their mass from the Cherenkov radiation cone that is emitted as they pass through the detector apparatus. However, at higher particle momentum, the angle of the Cherenkov cone saturates to a value independent of the mass of the generating particle, making it difficult to effectively distinguish between different particles. Here, we show how the geometric formalism of transformation optics can be applied to describe the Cherenkov cone in an arbitrary anisotropic medium. On the basis of these results, we propose a specific anisotropic metamaterial to control Cherenkov radiation, leading to enhanced sensitivity for particle identification at higher momentum. DOI Cherenkov radiation, experimentally discovered by Pavel Cherenkov [1] and theoretically formalized by Ilya Frank and Igor Tamm [2] , is a peculiar form of electromagnetic radiation that arises when charged particles travel through a medium at a velocity greater than the phase velocity of light in that medium [3] . This effect has proven useful in applied and experimental physics [4] , e.g., for the detection of cosmic rays [5] , novel electromagnetic sources [6] [7] [8] , localized sensing in biological systems [9] , spectroscopy of complex nanostructures [10] , and identification of elementary particles [11] . Recently, there has been significant interest in Cherenkov radiation inside or in the vicinity of electromagnetic structured media [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] . This interest is fueled by the prediction that the direction of the Cherenkov cone can be reversed, such that the Cherenkov radiation and the emitting particle travel in opposite directions [25] . Aside from this experimentally observed phenomenon-called reversed Cherenkov radiation [12] [13] [14] [15] [16] [17] 20, 21] -other unusual phenomena, such as Cherenkov radiation without a velocity threshold [24] , have been predicted when charged particles travel through metamaterials and other electromagnetic structured systems [26] [27] [28] [29] [30] [31] [32] .
Here, we demonstrate how the geometric techniques of transformation optics [33] [34] [35] [36] [37] can be used to understand the Cherenkov radiation emitted in arbitrary anisotropic media. We start by calculating the Cherenkov radiation emitted by a particle traveling along a principal axis of an anisotropic medium and we show how the resulting Cherenkov cone can be described from the threedimensional coordinate transformation in the underlying electromagnetic space. Subsequently, we discuss the physics of Cherenkov radiation in uniaxially transformed media, and we highlight the fundamental difference between transformations in directions parallel and perpendicular to the velocity of the charged particle. Finally, we demonstrate how the geometric reality of these media offers an elegant recipe for designing ring imaging Cherenkov (RICH) detectors with better resolution.
To this end, we calculate the Cherenkov radiation that is emitted by a moving charge, propagating along the x axis of a medium with material parameters that correspond to a background refractive index (ϵ b ¼ n 2 b ) on top of which a linear coordinate stretching along the principle axes has been implemented: x 0 ¼ fðxÞ, y 0 ¼ gðyÞ, z 0 ¼ hðzÞ. Following the equivalence relation of transformation optics [33, 34] , the material parameters of this medium are given by [38] 
It can then be shown that the field component with wave vector k generated by a charged particle, traveling at velocity v, will oscillate at a frequency ω ¼ k · v [38] . For a given frequency ω, we obtain the direction of the emitted wave by matching ω ¼ k · v with the dispersion relation of the medium in which the charged particle is moving. The dispersion relation of the medium, defined by Eq. (1), can be found by inserting a plane monochromatic solution in the wave equation [38] and yields the following relation: k 2
We can now apply this dispersion relation to calculate the Cherenkov angle in a transformation-optical medium. Without loss of generality, we can restrict this analysis to the xy plane. Writing f 0 ðxÞ ¼ F, g 0 ðyÞ ¼ G, h 0 ðzÞ ¼ H and defining α PH as the angle under which the electromagnetic waves are emitted [see Fig. 1 (a)], we find that
where α Ã is the angle of Cherenkov radiation emitted in a medium with refractive index n b F. This angle is simply given by the traditional Cherenkov formula and, hence,
This result can be better understood from a transformation-optical perspective. In physical (PH) space, the particle is moving at a velocity v in the x direction. Since this coordinate is stretched by a factor F, the particle seems to be moving at a velocity Fv in the underlying electromagnetic (EM) space. In this space, the particle simply travels through an isotropic medium with refractive index n b and, therefore, emits Cherenkov radiation with an opening cone θ EM ¼ arcsin½c=ðn b FvÞ. Translating the emitted radiation back to the physical space, the x and y components of the cone need to be compressed by a factor F and G, respectively, in the electromagnetic space. The angle of the Cherenkov cone then becomes
In Figs. 1(b) and 1(c), we show the Cherenkov cones as a function of the coordinate stretching in both directions as obtained from finite-elements computer simulations [38] . The data points are in excellent agreement with Eq. (4), the analytical formula derived from the transformation optics perspective. It is also clear that a coordinate transformation in the longitudinal direction has a fundamentally different effect on the Cherenkov radiation than a transformation perpendicular to the direction of propagation. This is related to the fact that a transformation perpendicular to the trajectory of the charged particle only stretches the Cherenkov cone, whereas a transformation along the path of the particle also alters the velocity of the particle in the underlying electromagnetic space. As soon as this velocity drops below the speed of light c, Cherenkov radiation ceases to exist. This Cherenkov cutoff is present in Fig. 1(c) , when the longitudinal scaling factor F approaches c=ðn b vÞ ¼ 0.5. It is remarkable how the physics changes before and after a longitudinal coordinate transformation. In contrast to other transformation-optical devices, where ray trajectories are manipulated through an ingenious coordinate transformation, we show, here, that it is possible to start from a system without Cherenkov radiation and transform the nonradiating Liénard-Wiechert potentials into Cherenkov radiation and vice versa. This is a consequence of the longitudinal transformation scaling the particle's velocity above or below the cutoff velocity.
Obviously, an analogous relation is valid in the xz plane, whose angle can be stretched by another factor
Therefore, for a three-dimensional transformation-optical medium, Cherenkov radiation is emitted along an elliptical cone, as shown in Fig. 2 . It is important to note the generality of the transformation-optical approach to studying Cherenkov radiation. First, the impedance of the material does not influence the Cherenkov cone angle. Physically, this can be understood from the fact that the cone angle is determined by constructive interference and that the phase accumulation of the electromagnetic waves is solely determined by the refractive index profile and not by the impedance. We have confirmed this by comparing fullwave numerical simulations of the matched (ϵ ¼ μ) and the unmatched (μ ¼ 1) implementations of the coordinate transformations, and indeed, we retrieved the same angles in both sets of experiments (see Fig. 1 ). This is an important result from a practical point of view. Nontrivial magnetic response requires resonant electromagnetic elements, which are typically associated with large dissipative losses. The ability to implement a general coordinate transformation by solely manipulating the permittivity components, therefore, greatly reduces the dissipative losses of the material implementations. Second, inverse transformation optics allows us to predict the cone of Cherenkov radiation in any anisotropic medium by simply relating the material components to coordinate transformations.
In the second part of this Letter, we demonstrate the power of transformation optics in the design of detectors that identify unknown particles in high-energy experiments. Inside a so-called RICH detector, an unknown particle with a fixed momentum travels through a radiator and emits a Cherenkov cone. Together with the particle's momentum, the Cherenkov cone, which is a measure of the particle's velocity, allows for the determination of the mass and identification of the unknown particle. Unfortunately, the opening angle of the Cherenkov cone saturates at higher momenta to a value independent of the particle's mass: α PH;sat ¼ arccosð1=nÞ, where n is the refractive index of the radiator [see Fig. 3(a) ]. Consequently, it becomes very difficult to distinguish between different particles at high momentum. The traditional solution to this problem is to lower the refractive index of the radiators. This, indeed, enhances the resolving power of the detectors at higher momenta. Unfortunately, it also drastically lowers the angle under which Cherenkov radiation is emitted and, consequently, the number of photons emitted per unit length decreases [41] . This trade off between resolution and intensity is demonstrated in Fig. 3(a) , where we plot the Cherenkov angle α PH as a function of the particle's momentum for several particles traveling through two traditional, isotropic radiators: one with a refractive index n 1 ¼ 1.05 (silica aerogel radiator) and one with a refractive index n 2 ¼ 1.0005 (CF 4 gas radiator).
Using transformation optics, we can now design a radiator that overcomes this trade off, combining enhanced resolution at higher momenta with large Cherenkov angles. As can be inferred from Fig. 3(a) , the difference between the Cherenkov angles of protons and electrons-which is a good measure of the detector's resolution-is maximal close to the momentum cutoff of the proton. This cutoff corresponds to the momentum where the proton's velocity in electromagnetic space v EM ¼ v PH F equals the speed of light c, where we implicitly assume that the coordinate transformation acts upon a vacuum region. The best resolution can, therefore, be attained by shifting this momentum cutoff close to the momentum of the particle under investigation. Geometrically, this means that the longitudinal stretching F should decrease as the particle's momentum increases. It is clear, from Fig. 3(b) , that the curves shift to the right as F becomes smaller. Although this increases the relative difference between the Cherenkov cones of the particles, it also decreases the absolute value of the cone angles. To compensate for this, we can stretch the transverse coordinates to open up the cones. This mechanism is visualized in Fig. 3(b) , in which the longitudinal stretching F equals 1.0005 and the transversal stretching G equals 10. We observe that this detector has the high resolution of a CF 4 radiator, in combination with the Cherenkov intensity of a silica aerogel radiator. The large anisotropy required for the implementation of these transformations is not readily available in naturally occurring materials, but can be obtained from electromagnetic structured systems [26] [27] [28] 31 ]. An array of thin metallic cylinders embedded in a dielectric medium is a typical example of a strong anisotropic metamaterial [42, 43] . The use of nonresonant metamaterials far away from the Maxwell-Garnett resonance reduces the spectral dispersion and dissipation present in our transformationoptical radiator. The functionality of several metamaterial radiators is evaluated in Fig. 4(a) , in which we show the sensitivity and the magnitude of their Cherenkov angles as a function of the filling factor and the background dielectric at fixed momentum (40 GeV=c) and wavelength (λ ¼ 700 nm). The dashed line shows the trade off of isotropic radiators and runs from the top left for a high index radiator to the bottom right for a low index radiator. The other lines correspond to metamaterials in which silver cylinders are embedded in background media with various permittivities (ϵ d ) where the filling factor is the running parameter (visualized by the color bar). The colored circles denote the enhanced resolution of metamaterial radiators with respect to the traditional ones. The red circle indicates the location of a silica radiator, whereas the blue circle corresponds to a metamaterial with a background permittivity ϵ d ¼ 3 and a filling factor f ¼ 0.076, as visualized in Fig. 4(b) 
The overall magnitude of the opening angles is the same in both cases, but the difference between the proton and the electron angles has increased by more than twofold.
In conclusion, the work reported in this Letter demonstrates that transformation optics can be used to describe the Cherenkov cone emitted from relativistic charged particles traveling through complex anisotropic media. As an example of this technique, we calculated the material parameters that constitute particle detectors with enhanced detection sensitivity and we proposed a realistic metamaterial implementation of such a detector. We expect that these insights, together with the development of novel metamaterials, including low loss all-dielectric implementations [46] [47] [48] [49] [50] will allow for unprecedented control over the properties of The material can be treated as an effective, homogeneous medium, so transition radiation can be neglected [44, 45] .
Supplemental Material to "Controlling Cherenkov radiation with transformation-optical metamaterials" In high energy physics, unknown particles are identified by determining their mass from the Cherenkov radiation cone that is emitted as they pass through the detector apparatus. However, at higher particle momentum, the angle of the Cherenkov cone saturates to a value independent of the mass of the generating particle, making it difficult to effectively distinguish between different particles. Here we show how the geometric formalism of transformation optics can be applied to describe the Cherenkov cone in an arbitrary anisotropic medium. On the basis of these results, we propose a specific anisotropic metamaterial to control Cherenkov radiation, leading to enhanced sensitivity for particle identification at higher momentum. 
COORDINATE TRANSFORMATION AND CONSTITUTIVE PARAMETERS
We calculate the Cherenkov radiation that is emitted by a moving charge, propagating along the x axis of a medium with material parameters that correspond to a background refractive index ( b = n 2 b ) on top of which a coordinate stretching along the principle axes has been implemented:
Following the equivalence relation of transformation optics [? ? ], the material parameters of this medium are given by:
ELECTROMAGNETIC FIELD GENERATED BY A MOVING CHARGED PARTICLE
The Cherenkov radiation can most conveniently be calculated by way of the electromagnetic potentials in the generalized Lorentz gauge:
The inhomogeneous Maxwell equations can then be cast in the following form:
where we introduced the reluctance tensorη as the inverse of the permeability tensorμ. We can investigate these equations for a fixed value of k in momentum space:
from which V k and A k can be calculated. These expressions imply that the electromagnetic field with wave vector k generated by a charged particle, travelling at a velocity v, will oscillate at a frequency ω = k · v. For a given frequency ω, the direction of the emitted wave is obtained by matching ω = k · v with the dispersion relation of the medium in which the charged particle is moving.
DISPERSION RELATION OF THE TRANSFORMATION-OPTICAL MEDIUM
The dispersion relation of the medium, defined by Eq. (??), can be found by inserting a plane monochromatic wave solution E = (E x , E y , E z ) exp[i(k · r − ωt)] in the wave equation
This results in following set of equations:
which has a nontrivial solution if its determinant equals zero. This yields the following dispersion relation:
COMPUTER SIMULATIONS
To confirm the analytical result, shown in Eq. (5) of the main paper, directly from Maxwell's equations, we have performed time-dependent, full-wave electromagnetics simulations with a finite-elements method solver [COMSOL Multiphysics]. The inhomogeneous material parameters of the axially symmetric 2D simulation domain are documented in the caption of Fig. 1 . The travelling charge is implemented using a time-dependent localized, Gaussian line current along the symmetry axis of the simulation domain. To improve the numerical stability, we increase the charge density gradually during the start-up of the simulation. We evaluate the cone angle when all transient effects have disappeared.
The question of the appropriate boundary conditions to terminate the simulation domain of our timedependent Cherenkov simulations is not evident. Ideally, we want to implement open boundary conditions. However, the build-in scattering boundary conditions require a priori knowledge of the propagation direction of the outgoing electromagnetic field. Since we did not want to make any assumptions in this respect, we choose to implement the effect of an open boundary condition differently, by using PEC boundaries in combination with a simulation domain that is taken large enough to prevent interaction of the emitted Cherenkov radiation with the boundaries. We verified that within the simulation period of our simulations, the emitted Cherenkov radiation did not have the time to reach these boundaries. In this way, the type of boundaries at the edge of our simulations did not influence the results.
The error bars in Fig. 1 are a result of the fact that the Cherenkov cone has a finite width, which adds an uncertainty in the determination of the cone angle. The upper and lower limit of the angles correspond to the points where the field has dropped by a factor 1/e.
CHERENKOV CONE IN AN ANISOTROPIC METAMATERIAL
The effective permittivity of a metamaterial consisting of thin metallic cylinders embedded in a dielectric background is calculated from the Maxwell-Garnett mixing formula [? ] . The permittivity along the symmetry axis of the cylinders ( z ) and the permittivity along the radial axes of the cylinders ( ρ ) are given by
in which f is the filling factor of the metal with permittivity m in a dielectric background with permittivity d . The Johnson & Christy data [? ] were used to model the permittivity of silver. One has to be careful with the evaluation of Eq. (3) of the main paper when the material parameters are complex. Only the real part of the k y /k x determines the angle of the emitted Cherenkov cone. Therefore, in the case of lossy materials, the cone angle is given by α PH = arctan Re G F tan arccos c n b F v .
(S12)
